Introduction
Large variations have been observed in the values of Monod kinetic parameters determined for a given chemical compound or substrate (1) . There is consensus that three major factors contribute to the observed variability: culture history, kinetic assay procedure, and linear parameter correlation (1). Monod parameters estimated from experiments with different culture history and/or kinetic assay procedures can be different because these factors affect the affinity of the microorganism for substrate (1) (2) (3) (4) and the physiological adaptation of cell enzymes (1, and references therein). The linear correlation of Monod kinetic parameters (5, 6) complicates the estimation of unique values.
The Monod rate expression (7) is often used to describe microbial growth and single substrate degradation kinetics. The Monod rate expression has been extended to include cases when electron acceptors and nutrients are also limiting the growth rate (multiple Monod kinetics) (8) (9) (10) . The Monod and extended Monod rate expressions have become the basis for modern biogeochemical modeling (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) . The accuracy and uncertainties of Monod rate parameters therefore will have an important influence on the modeling results and their interpretation.
The linear correlation of Monod parameters causes two problems in the estimation of unique values: (1) multiple pairs of correlated parameters may give similar fits to the measurement data and (2) parameter estimation will be highly sensitive to the measurement errors. Mathematically, the first problem is one of uniqueness and the second is one of stability. Both are encountered in "inverse" problems where one uses measurement data to inversely estimate parameters or other unknown properties. For the case of Monod kinetics, mathematical problems result from the correlated nature of the involved parameters. The problem has been termed as parameter identifiability (22) . Previous studies have found that the extent of correlation of the Monod parameters is strongly dependent on the specific experimental conditions, e.g., substrate and cell concentrations (5, (23) (24) (25) . This paper will show that the standard deviations of parameter estimates can range from small to large with increasing levels of Monod parameter correlation. We will also demonstrate that manipulation of experimental conditions can reduce the correlation and thus allow for better parameter estimation (6, 22, 26) .
Parameter estimation procedures for the Monod kinetic expressions (eqs 1 and 2) have received some literature attention. The Monod equations are (7) where S is the substrate concentration, X is the active cell concentration, Ks is the half-maximum concentration, µmax is the maximum growth rate, Y is the cell yield with respect to substrate degradation, and t is time. Sensitivity analyses have been used to identify the linear correlation between Monod parameters (Ks, µmax, and Y). In this method, "sensitivity coefficients" are calculated that are partial derivatives of the substrate concentration with respect to the parameters. For example, ∂S/∂Ks, ∂S/∂µmax, and ∂S/∂Y in (1) and (2) are computed as a function of time at different initial substrate (S0) and cell concentrations (X0) using realistic values of parameters (Ks, µmax, and Y) (5, 24, 25) . If a priori knowledge regarding the values of parameters, Ks, µmax, and Y, is not available, which is often the case, preliminary experiments are necessary. The goal of the sensitivity coefficient analysis is to avoid initial experimental conditions where one sensitivity coefficient is a linear multiple of others (22, 26) .
Robinson and Tiedje (5) used sensitivity analysis to study the effects of the S0/Ks ratio on Monod parameter correlation and identifiability. By plotting and visually comparing the sensitivity coefficients as a function of time, the authors found that the Monod parameters were strongly correlated at small ()0.02) and also large () 50) ratios of S0/Ks but not at S0/Ks ) 4. Ellis et al. (25) used the same approach to determine the optimal initial substrate concentration (S0) for Monod parameter estimation under constant cell concentration, X. They also visually inspected the sensitivity coefficients and found that large S0/Ks ratios would reduce the correlation. Ellis et al. (25) selected S0 ) Ks as an initial concentration because sensitivity coefficients did not appear to correlate when S0/Ks is larger than 1. The sensitivity analysis approach was also used to investigate the effect of initial cell concentration, X0, on the parameter identifiability (24) . By testing different values of X0 and S0, Wang (24) found that the ratio of S0/X0 could affect the Monod parameter correlation. The ratio of S0/X0 under constant yield (Y) was also found to affect Monod parameter identifiability by Simkins and Alexander (23) in their evaluation of various biological models.
The advantage of the sensitivity approach is that it provides a simple way to illustrate the correlation between Monod parameters under different initial conditions. Also, the sensitivity coefficients can be directly used to identify optimal sampling time points. Parameters estimated from the substrate concentrations measured at these optimal sampling points will have the minimum variances or the best reliability (6, 27) . However, this sampling technique can be impractical because it requires repeat measurements of the substrate concentration at the optimal time points. Instead, experimentalists usually measure substrate degradation with time and estimate parameters by fitting the Monod model to the time-variable data (e.g. refs 5, 25, 28) . With this latter sampling approach, the identification of optimal experimental conditions using sensitivity analysis suffers disadvantages including the following: (1) the visual inspection of time-variant sensitivity coefficients can only provide a qualitative measure of the correlation between parameters and (2) quantitative information does not result regarding the uncertainties of the parameter estimates and how the correlation affects the uncertainties.
In 
Variances, Correlation Coefficients, and Confidence Region of Parameter Estimates
The parameters in the Monod rate expressions (eqs 1 and 2) can be estimated by nonlinear or linear methods (6, and references cited). However, the results of linear parameter estimation are usually unreliable (5, 29) . Also, it is difficult to calculate correlation coefficients and variances of estimates from linearized forms because of the transformation of data errors and independent and dependent variables (6, 22, 26) . Consequently, only nonlinear estimation is considered in the remainder of the paper.
For the convenience of discussion, we rewrite Monod rate expressions (eqs 1 and 2) with respect to substrate concentration as follows where θ is a vector containing parameters Ks, µmax, and Y, and S0 and X0 are the initial substrate and cell concentrations, respectively. According to the statistics of nonlinear parameter estimation, the correlation coefficients, variances, and confidence region of estimates for parameters in eq 3 can be calculated from a covariance matrix of estimates (22, 26) . Using the least squares or the weighted least-squares method to estimate θ by fitting eq 3 to measurement data, the covariance matrix of the estimates for normally distributed measurement errors has an asymptotical form (26) where Cov(θ) is a covariance matrix of parameter estimates with its elements of cjk (j, k ) 1,2,..., L, and L is the total number of parameters to be estimated). Element cjk is a covariance between parameters j and k. V -1 is the inverse of the covariance matrix of the measurement errors (V), superscript T denotes matrix transpose, and J is a sensitivity coefficient matrix where L is the number of parameters and n is the number of samples. The sensitivity coefficients in eq 5 (J) are evaluated at sampling times ti, i ) 1, 2, ..., n. The type and values of matrix V are usually dependent on measurement errors.
In the following analysis, we adopted two common literature assumptions regarding measurement errors. First, measurements of substrate concentrations are independent of each other (not correlated). Under this assumption, the matrix V becomes diagonal. Second, measurement errors are of two types: (1) those containing constant absolute standard deviation [V ) σ 1 2 (data)I, σ1(data) is standard deviation of measurement errors and I is an identity matrix] and (2) those containing constant relative standard deviation
is a diagonal matrix, Si is the calculated substrate concentration at sampling time ti, i ) 1, 2, ..., n, and σ2(data) is the relative standard deviation of measurement errors]. The first error type is denoted as type I and the second as type II.
In the covariance matrix (eq 4), diagonal element ckk is the variance [standard deviation square, σ 2 (θk)] of the θk estimate. The relative standard deviation (σ(θk)/θk) is used in this paper to gauge the uncertainty of an estimate (26) .
The correlation coefficient R between parameters j and k can be estimated as R 2 ) cjk/(cjjckk). The confidence region volume (CRV) for a set of estimated parameters (θk, k ) 1, 2, ..., n) is directly proportional to det 1/2 Cov(θ), where detCov(θ) represents the determinant of the covariance matrix, Cov(θ) (26) . The relative CRV ()det 1/2Cov(θ)/ ∏ k)1 n θk) is used to measure the confidence of a set of estimated parameters when they are correlated (26) . A large relative CRV means that the set of estimated parameters has large uncertainty.
Numerical Experiments
The evaluation of the covariance matrix (4) 
form of (7) is Kinetic equations 6 (growth) and 8 (no growth) are widely used in bio-and environmental engineering to describe microorganism activities (28, 30) . For any specific set of initial substrate and cell concentrations, the substrate concentration (S) and the sensitivity coefficients (5) can be evaluated at sampling time ti (i ) 1,...,n) using either (6) or (8). The covariance matrix can then be computed after coupling the sensitivity coefficients with measurement precision (σ1(data) or σ2(data)).
To compare cases with different sets of parameters and initial substrate and cell concentrations, a hypothetical experiment was used where n samples were evenly collected from time 0 to the time when 99% of S0 was degraded. Analytical formulas were derived for this sampling scheme to evaluate the relative standard deviations, the correlation coefficients, and the relative confidence region volume of the Monod parameter estimates (eg., Ks, µmax, and Y). Cases with no growth and growth coupled with 2 types of measurement errors were considered (see Supporting Information). As we show in the Supporting Information, the correlation coefficients of the Monod parameters are only a function of dimensionless variables: S0/Ks for no growth and S0/Ks and X0/YKs for growth cases. The relative standard deviation and relative confidence region volume are functions of S0/Ks and X0/YKs (for growth only) and are proportional to dimensionless measurement precision [σ1(data)/Ks and σ2(data) for type I and II errors, respectively].
The importance of the dimensionless variables, S 0/Ks and X0/YKs [) (X0/YS0) x (S0/Ks)] to the estimation of the Monod parameters can be qualitatively appreciated with equations 1 or 7. When S0/Ks is small (S0,Ks), S in the denominator of eq 1 or 7 can be neglected, and the equations become first order with respect to substrate concentration, with lumped first-order coefficients of µmax/YKs for (1) or Vm/Ks for (7) . While these lumped parameters can be reliably estimated from experimental data, separation of µmax, Y, and Ks or Vm and Ks is difficult. When X0 . YS0 (YS0 is the maximum potential for new cells (23)), cell growth (eq 2) can be neglected and the 3 parameter Monod model degenerates into one with two parameters: Ks and µmax/Y. Under these conditions, the estimation of µmax and Y is problematic.
In the following section, we will quantitatively examine how the values of S0/Ks and X0/YKs affect the correlation and uncertainties of the estimated Monod parameters. To avoid specific numerical values of dimensionless measurement precision, relative standard deviation and confidence region volume are normalized to dimensionless measurement precision. Consequently, the combined dimensionless variables (relative standard deviations vs dimensionless measurement precision) are only functions of S0/Ks and X0/YKs (growth case) (see Supporting Information). From these analyses, the optimal values of S0/Ks and X0/YKs (growth case) will be identified for the experimental determination of Monod kinetic parameters.
Results
No Growth with Type I Measurement Error. The correlation coefficient and the dimensionless variables related to the relative standard deviations and relative confidence region volume of the estimates Ks and Vm are shown in Figure 1 as functions of S0/Ks. The values of all dimensionless variables were found to continuously decrease with increasing S0/Ks (Figure 1 ). The optimal theoretical laboratory conditions will therefore be at infinitely large S0/Ks. The relative standard deviation of Ks was always larger than Vm. Therefore, the uncertainty of Ks must be carefully considered. When S0/Ks was small, the σ(Ks)/σ1(data) ) (σ(Ks)/Ks)/(σ1(data)/Ks) . (data) was < 1 when S0/Ks >10, indicating that uncertainties in the measurement data will not be magnified in the parameter estimates. The relative standard deviations and confidence region volume of the estimates for any fixed S0/ Ks value were directly proportional to a dimensionless ratio, σ1(data)/Ks, confirming that with the same measurement precision (σ1(data)), small Ks values will be more difficult to estimate than large ones (24) . The results in Figure 1 were obtained for a sample number of 30. Similar results were also found for different numbers of samples (Table 1) . Only values of the dimensionless numbers for σ(Ks)/σ1(data) are shown in Table 1 
No Growth with Type II Measurement Errors. The uncertainty of the K s estimate was also larger than that for V m (Figure 2 ) for type II measurement errors. However, the values of the relative standard deviations and the confidence region volumes of the K s and Vm estimates were independent of the magnitude K s (Figure 2) . Thus, only one dimensionless number, S 0/Ks, affected the relative standard deviations of the estimates for a given relative standard deviation of measurement error. Unlike the type I error case (Figure 1) , σ(K s)/Ks had its lowest value at S0/Ks ) 5. Considering that both σ(V m)/Vm and CRV/(Ks x Vm) leveled off at S0/Ks ) 5 and the relative standard deviation of Vm estimate was always less than K s, S0 ) 5 Ks can be taken as an optimal experimental condition for determining the Monod parameters in eq 7. Table 2 confirmed that this optimal condition was valid for other sample numbers.
Growth with Type I Measurement Errors. The Monod kinetic expression (eqs 1 and 2) has 3 parameters (µ max, Ks, and Y) that require estimation. However, parameter estimation may be divided into two cases considering that the yield value, Y, may be independently estimated from a profile of active cell number vs substrate concentration (28) . The first case involves estimating µ max and Ks from the substrate concentration profile with known Y, while the second case involves the simultaneous estimation of µ max, Ks, and Y from the substrate concentration profile. For cases when Y is independently estimated, the correlation coefficient between Ks and µmax was found to be a function of both X0 and S0 (Figure 3 ) and the lowest correlation coefficient followed the relationship log(S0/Ks) ) 1.1 + 0.15 log(X0/YKs). The values of the dimensionless variables related to the relative standard deviations and confidence region volume were also found to be influenced primarily by the ratio of S0/Ks. As under no growth conditions (Figures 1 and  2) , the relative standard deviation of Ks was always larger than µmax. The optimal conditions for σ(Ks)/σ1(data) matched the lowest correlation line and followed log(S0/Ks) ) 1.4 + 0.2 log(X0/YKs). The relative standard deviations of the Ks and µmax estimates were directly proportional to σ1(data)/Ks. Thus, it is more difficult to achieve precise small values of Ks than large ones.
When Y was simultaneously estimated with µ max and Ks, the relative standard deviation of Ks was larger than the other parameters when S0/Ks > 1 (Figure 4) . The optimal condition for parameter estimation [ Figure 4a ; σ(Ks)/σ1(data)] was nearly the same as when Y was independently estimated, log(S0/Ks) ) 1.4 + 0.2 log(X0/YKs). However, the standard deviations of both Ks and µmax were nearly doubled.
The effects of sample number on the estimation precision were similar to those when no growth occurs. The precision of Ks continuously increased with an increasing sample number ( Figure 5 for S0/Ks ) 25.3 and X0/YKs ) 1.05) up to a value of approximately 60.
Growth with Type II Measurement Errors. The correlation coefficient, the relative confidence region volume, and the relative standard deviations of Ks and µmax defined an optimal value of S0/Ks lying between 2 and 6, depending on the value of X0/YKs (Figure 6 ) when Y was independently estimated. The relative standard deviation of Ks was again larger than that of µmax. The optimal initial conditions were described by log(S0/Ks) ) 0.5 + 0.12 log(X0/YKs). The standard deviations of both Ks and µmax nearly doubled (Figure 7a,b) when Y was simultaneously estimated with µmax and Ks. A comparison of the relative standard deviations of the three parameters (Figure 7a,b,c) indicated that the optimal regions for estimation of µmax, Ks, and Y were not the same. Therefore, improving the precision of one estimate may decrease the precision of another. The relative standard deviations of µmax, Ks, and Y were usually more than twice the relative standard deviation of the measurement errors. The lowest relative standard deviations of these estimates that could be simultaneously obtained were 2.3σ2(data) for Ks and Y, and 1.0-2.0σ2(data) for µmax. These follow log(S0/Ks) ) 0.85 + 0.23 log(X0/YKs), beginning at X0/YKs ) 1.
Discussion
Correlation Coefficient. Correlation between the different Monod parameters has been cited as a cause for the variability of literature reported Monod parameters for a specific compound or substrate (1). Our finding that higher correlation coefficient values will result in large standard deviations of parameter estimates supports this conclusion. The quantitative analyses performed herein showed that there was a direct relationship between the correlation coefficients and the uncertainties of the parameter estimates. For example, the standard deviation of Ks under conditions of no growth and type I measurement errors can be expressed as When the parameters Ks and Vm are perfectly correlated, the correlation coefficient (R 2 ) is 1, and the standard deviation of Ks becomes infinite. Other parameter estimates have similar inverse relationships between the standard deviations of estimates and the correlation coefficients (not shown).
The correlation coefficients (R 2 ) between the Monod parameters were generally over 0.9 for all cases presented. The significance level of R 2 for 99.5% confidence was about 0.23 (for the 30 sample case), indicating statistical correlation of the Monod parameters for both growth (eqs 1 and 2) and no growth conditions (eq 7). Although, the correlation level can be reduced by adjusting experimental conditions, the correlation between Monod parameters cannot be eliminated. This finding contrasts with that from sensitivity analyses where Ks and Vm under no growth conditions were concluded to show little correlation for S 0/Ks > 1 (25) . Both Figures 1 and 2 indicated that for S 0/Ks ) 1, the parameters K s and Vm were highly correlated (R 2 ) 0.99); even at S0/Ks ) 20 the correlation coefficient (R 2 ) was still above 0.9.
Dimensionless Numbers, S 0/Ks and X0/YKs. Both the initial conditions (S 0 and X0) and the values of the parameters (e.g., µ max, Ks, and Y) can lead to different correlation levels and uncertainties. The effects of each variable on the correlation between the Monod parameters can be estimated by varying one variable and fixing others (24) . However, our analyses indicated that multivariable effects on the correlation of the Monod parameters could be conveniently described using a few dimensionless numbers. One (S 0/Ks) or two (S0/ Ks and X0/YKs) of these numbers were able to describe the correlation of Monod parameters as well as the resulting uncertainties for no growth and growth conditions. Type and Magnitude of Measurement Errors. The type and values of the measurement errors have significant effects on the correlation of the Monod parameters and also on the uncertainties of the parameter estimates. For both types of errors, the relative standard deviation of the parameter estimates was directly proportional to the dimensionless measurement precision (σ 1(data)/Ks) for type I errors and to σ 2(data) for type II errors. Because the relative standard deviation of the estimates for type I errors was inversely related to K s, measurement precision must be increased to Figure 3b ) was within S0/Ks ) 1-10 and follows log(S0/Ks) ) 1.4 +0.2log(X0/YKs).
maintain the same precision of estimate for small Ks.
The value and type of the standard deviation of the measurement errors can be estimated simultaneously with the Monod parameters under the condition that the measurement errors are randomly distributed (26) ER is the sum of the least squares errors (for cases with type I errors) or the weighted least squares errors (weighted by the inverse of substrate concentration (1/S) for cases with type II errors) between the measurements and the model calculations. The error type can be determined by plotting the residuals (differences) between the calculated and the measured concentrations as a function of the calculated concentration. When the errors have a constant absolute deviation, the residual plot will show rectangular shape (e.g., inset of Figure 7 ). In contrast, errors with relative standard deviation produce a triangular plot (the residual increases with increasing concentration). The factors that control error type predominance for biodegradation/transformation type experiments were discussed by Robinson (6) . Examples of error type determination are provided in the next section.
Sampling Number. The number of samples can also be adjusted to improve the precision of the derived Monod parameters. Normally, the relative standard deviation of the estimated parameter decreases rapidly from small sample number to large. However, the relative standard deviation of the derived parameter will gradually level off when the sample number is large. The improvement in precision is limited when the sample number is increased over 60 for the cases analyzed in this paper.
An Iterative Approach to Monod Parameter Estimation.
The optimal experimental conditions for Monod parameter estimation when samples are collected at constantly spaced time intervals are summarized in Table 3 . The conditions minimize the mathematical uncertainties of the estimated parameters. The application of Table 3 for optimal experimental design requires a priori knowledge of the values of the Monod parameters and the measurement error type. Often, one does not have such information before the start of experiment. Therefore, an iterative or sequential approach is needed where (1) preliminary experiments are performed using guessed S0 and X0 values; (2) Monod parameters are estimated using measurement data by least squares or weighted least-squares fitting; (3) the residuals between the Monod model calculations and the measurement data are plotted to check error type and calculate the standard deviation of the measurement errors (previous section); and (4) the values of dimensionless numbers (S0/Ks, X0/YKs) are calculated using the estimated Ks and Y (or independently determined Y) and compared to those in Table 3 to determine whether the experiments were performed under optimal conditions. Steps (1) through (4) are repeated until one obtains reliable estimates of the Monod parameters.
Monod Parameter Estimation for Microbial Iron Reduction
Several examples are now provided of the potential uncertainties and problems associated with the estimation of Monod kinetic parameters. The examples were taken from recent studies of Fe(III) reduction by dissimilatory iron reducing bacteria (31, 32) . Fe(III) is the electron acceptor and is reduced during microbial respiration. Kinetic rate 
expressions similar to the Monod relationship have been derived for electron acceptors by assuming: (1) doublesubstrate limitations on enzyme kinetics (33, 34) and (2) an intracellular cofactor response to electron acceptor concentration (8, 9) . When the substrate concentration is in excess, the kinetic expression for the electron acceptor has the exact mathematical form as the Monod expression (eqs 1 and 2 for growth and eq 7 for no growth conditions) (8) . Experimental data and model fitting results for Fe(III)-citrate reduction (0.5 and 22.5 mM) by an iron reducing bacterium, Shewanella alga (BrY), under no growth conditions, are shown in Figure 8 . Lactate was the electron donor, and its concentration was in excess (32) . The measurement data in Figure 8a ,b were fitted without weights (assuming type I measurement errors) using a modified LevenbergMarguardt method (35) . The residuals between the fitted curve and measurement data are plotted in inserts. The fits were excellent in both cases. Residuals were randomly distributed for both initial Fe(III) concentrations (see inserts in Figure 8a,b) , suggesting that eq 7 can describe the data and that the assumption of type I errors used in the leastsquares fitting was reasonable. However, the standard deviations of the estimates of Ks and Vm were extremely large when the initial Fe(III) concentration was lower than the Ks estimate (Figure 8a) . Obviously, the estimated Monod parameters from Figure 8a are not reliable due to their large standard deviation, despite the excellent fit to the data. Further, the analyses presented in Figure 1 indicated that the correlation between Ks and Vm is almost perfect at small S0/Ks values. In fact, any pair of large Vm and Ks values with the same ratio of Vm/Ks to those in Figure 8a can give an equivalent fit to the data (Monod model in first-order region). On the other hand, parameter estimates using measurement data with a higher initial Fe(III) concentrations had only small standard deviations and were more reliable (Figure 8b ). The ratio of S0/Ks for latter case is 5.8. As shown in Table 3 and also Figure 1 , this ratio is in the range of optimal experimental conditions.
Experimental and model fitting results for Fe(III) bioreduction by another iron reducing bacterium, S. putrefaciens CN32, under growth conditions are shown in Figure 9 . Here lactate (30 mM) was used as both electron donor and carbon source, and Fe(III)-citrate (20 mM) was the electron acceptor. The initial cell concentration was 1.5 × 10 9 cells/L. The measurement data were fitted assuming type I measurement errors. An examination of residuals (see insert in Figure 9 ) indicated that they follow type I characteristics. The residual plot in Figure 9 showed that the model was able to describe the experimental results because there were no obvious trends in residual distribution (22, 26) . The best estimated parameters were Ks ) 25 mM, µmax ) 0.19 hour -1 , and the cell yield value with respect to Fe(III) reduction was 1.28 × 10 9 cells/mmol of Fe(III). The growth experiment in Figure 9 was not performed at optimal conditions (S0/Ks ≈ 1 and X0/YKs ≈ 0.05) according to Table 3 . Therefore, the estimated parameters have uncertainties, with Ks exhibiting the largest relative standard deviation among the three parameters. The optimal initial conditions for this experiment according to Table 3 are S0 ) 500-2500 mM dependent on X0. However, the higher initial concentration may increase experiment duration, which, in turn, may lead to other complications, such as carbon and electron donor limitation or microbial physiologic changes that impact yield at later experimental stages (31) . These complications, if they occur, will require more complex models that further challenge parameter estimation. Consequently, the conditions identified in Table 3 for optimal parameter estimation may need to be balanced against other considerations. Therefore, identification of the best Monod parameters requires careful consideration of the optimal experimental conditions along with other factors that may influence organism physiologic or metabolic status.
